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The physical interpretation of lattice QCD simulations, performed in a small volume, requires an
extrapolation to the infinite volume. A method is proposed to perform such an extrapolation for
three interacting particles at energies above threshold. For this, a recently formulated relativistic
3 → 3 amplitude based on the isobar formulation is adapted to the finite volume. The guiding
principle is two- and three-body unitarity that imposes the imaginary parts of the amplitude in
the infinite volume. In turn, these imaginary parts dictate the leading power-law finite-volume
effects. It is demonstrated that finite-volume poles arising from the singular interaction, from the
external two-body sub-amplitudes, and from the disconnected topology cancel exactly leaving only
the genuine three-body eigenvalues. The corresponding quantization condition is derived for the
case of three identical scalar-isoscalar particles and its numerical implementation is demonstrated.
PACS numbers: 12.38.Gc, 11.80.-m, 11.80.Jy
I. INTRODUCTION
Three-body dynamics plays a major and sometimes
dominant role in the understanding of hadronic reso-
nances. In the meson sector [1], new excited states are
searched for in large campaigns such as the new GlueX
experiment at Jefferson Lab [2], the COMPASS experi-
ment [3], and BESIII [4]. Finding an exotic state with
quantum numbers that cannot only be composed of two
constituent quarks would provide evidence for the need
of explicit gluon dynamics in the description of mesons.
Furthermore, many exotic but also conventional mesons
decay dominantly or even exclusively into three particles
such as the a1(1260) [5].
In the baryon sector, explored at CLAS/JLab [6],
ELSA [7], MAMI [8], and other facilities the pipiN chan-
nels provide a substantial source of inelasticity and be-
come dominant at higher energies. But even at low en-
ergies they can be crucial as in case of the Roper reso-
nance N(1440)1/2+ that, despite its low mass, has large
branching ratios into the pipiN channels.
The aim of this work is to provide an amplitude to an-
alyze three-body dynamics in lattice QCD simulations.
Scattering amplitudes exhibit a continuous spectral func-
tion above threshold. In contrast, simulations of QCD
in a cube with periodic boundary conditions produce
a discrete spectrum of energy eigenvalues. Such finite-
volume effects are large above threshold and they become
even more relevant as quark masses come closer to their
physical values and bound states become resonances.
Yet, if the interaction region is well confined within the
cube, finite-volume effects can in fact be used to deter-
mine exactly one scattering phase shift for one energy
eigenvalue of the QCD Hamiltonian through Lu¨scher’s
∗ maximmai@gwu.edu
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method [9, 10]. Subsequently, a chiral extrapolation to
physical quark masses, see, e.g., [11–16], provides physi-
cal two-body phase shifts.
If more than one two-body channel is on-shell (e.g., the
pipi/KK¯ system at energies above the KK¯ threshold),
there are still methods to extrapolate the scattering am-
plitude to the infinite volume [12–43]. Excited mesons in
coupled channels have been recently determined by the
HadronSpectrum collaboration for a variety of quantum
numbers [44–47]. One of the problems for, e.g., two cou-
pled channels a and b is the need to know three channel
transitions at a fixed total energy (a→ a, a→ b, b→ b).
However, only one energy eigenvalue is usually available
at that energy. Therefore, minimal assumptions on the
energy dependence have to be made to relate different
eigenvalues and to obtain a well-constrained solution.
If three particles can be on-shell this problem of under-
determination becomes even more involved because there
are eight independent kinematic variables in 3→ 3 scat-
tering (see, e.g., Ref. [48]). In view of these problems we
propose a new method for the infinite-volume extrapola-
tion of three-body systems. The method should (a) be
energy dependent. This allows also to directly extract
resonance properties in the infinite volume by analytic
continuation to the resonance poles [37, 41, 44, 45, 47].
The problem also suggests to perform a partial-wave ex-
pansion respecting cubic symmetry that reduces the de-
grees of freedom, at the cost of having to cut the expan-
sion in a practical calculation. Both approximations can
be improved as lattice QCD data improve: through the
introduction of a less constrained energy dependence and
the inclusion of more partial waves, respectively.
In order to dispose over definite 3-body quantum num-
bers that allow for a partial-wave decomposition, one can
first construct the quantum number of two particles (“iso-
bar”) and then include the third one, called “spectator”.
A more precise definition of isobar is given below, but
it should be noted that an isobar in this definition can
have but is not required to have resonant behavior in the
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2corresponding two-particle sub-amplitude.
In addition, the method should (b) respect unitarity
in the infinite volume. In the three-body case, this re-
quirement is technically more involved than for two-body
(coupled-channel) unitarity. As shown in Ref. [48] it is in-
deed possible to formulate an amplitude that manifestly
fulfills three-body unitarity and two-body unitarity for
the sub-amplitudes even for energies above the three-
body threshold. In turn, one can use the constraints from
unitarity to identify those parts of the finite-volume am-
plitude for which all three particles can be on-shell and
for which the finite-volume effects are of power-law na-
ture. In other words, the method should (c) provide all
finite-volume divergences in agreement with the three-
body quantization condition.
In summary, based on Ref. [48] we present a relativis-
tic, energy-dependent three-body amplitude that is man-
ifestly two and three-body unitary in the infinite vol-
ume and fulfills the three-body quantization condition in
the finite volume. Special attention will be paid to the
cancellation of finite-volume divergences associated with
two-body scattering that can potentially obscure the gen-
uine three-body dynamics.
In recent years, significant theoretical progress towards
the understanding of three particles in the finite volume
has been made [49–73] including for 2 → 3 coupled sys-
tems [74]. Most of these works concentrate on the ex-
plicit parametrization of the three-body amplitude –like
the present one– although in Refs. [53, 56] methods are
proposed to obtain essential information on the system
without the need of explicitly parametrizing the full dy-
namics.
It is instructive to compare the present approach to the
recent work of Ref. [51] that is related in the following
sense: Instead of formulating a Lu¨scher-like approach in
which the energy eigenvalues are directly related to the
scattering matrix (or phase shift in the two-body case),
Ref. [51] and the present study propose a two-step pro-
cess: In a first step, the free internal parameters of a
finite-volume amplitude are fitted to energy eigenvalues
from a lattice QCD simulation. In a second step, the
infinite-volume version of that amplitude is simply eval-
uated. For the two-body case, this workflow was first
demonstrated in Refs. [37, 41] and shown to be equivalent
to the two-body Lu¨scher equation, up to exponentially
suppressed contributions. Yet, the proposed method dif-
fers from the one of Ref. [51] in a few aspects: it is
(a) relativistic which has practical consequences for the
construction of the finite-volume boosted two-body sub-
amplitude (“dimer” in the language of Ref. [51]). (b) The
construction principle here is three-body unitarity and
no use of effective field theory is made; the present three-
body amplitude can be expressed in terms of on-shell
two-body amplitudes and three-body forces [48]. (c) The
projection of the singular isobar-spectator interaction to
the A+1 irreducible representation (the example chosen
here) is performed by summation over lattice points in-
stead of performing a partial-wave integral.
In Refs. [19, 75, 76] an effective Hamiltonian model for
the piN system is constructed and pipiN channels are ap-
proximated via a stable σ meson and a stable ∆(1232)
baryon. This leads to problems with the three-body
quantization condition because the finite-volume three-
body singularities are qualitatively different from two-
body ones and in principle not related at all. See also
the discussion in Ref. [66] about the problem with the
quantization condition encountered in Ref. [77].
As for the perspectives of the proposed method, not
many data concerning three-body scattering systems ex-
ist on the lattice, so far, but rapid progress is being made.
With the possibility of three hadrons being on-shell, the
use of meson and baryon-like operators to extract the en-
ergy eigenvalues, especially of scattering levels, is needed,
as, e.g., demonstrated in Ref. [78]. Along these lines, pi-
oneering simulations have been carried out for the quan-
tum numbers of the a1(1260) and b1(1235) mesons [79].
In the meson-baryon sector, energy eigenvalues above the
pipiN threshold in the JP = 1/2+ sector have been cal-
culated recently [78], again with the use of up to several
two-hadron operators (the σ quantum numbers were re-
alized by a local two-quark operator). Employing three
hadron operators of the pi, pi, N type, or pi, pi, pi type
for mesons has not yet been realized. References [78, 80]
shed new light on the Roper puzzle, i.e., the problem
that the Roper resonance could not be found in many
lattice QCD simulations; an analysis of the eigenvalues
adapting the proposed formalism to a coupled-channel
piN -pipiN system with full three-body dynamics provides
an interesting perspective.
This work is organized as follows: In Sec. II the main
properties of the infinite-volume three-body amplitude
derived in Ref. [48] are discussed. In Sec. III the finite-
volume amplitude is defined. In Sec. IV the general work-
flow, the cancellation of singularities, and a numerical
implementation are demonstrated.
II. THREE-PARTICLE SCATTERING
AMPLITUDE
In previous work [48] we have addressed the form of
a relativistic, infinite volume three-body scattering am-
plitude in the isobar formalism. It has been shown that
it can be expressed in terms of on-shell, two-body uni-
tary 2 → 2 amplitudes plus genuine three-body interac-
tions which are forced to be real by three-body unitarity.
The “isobar” notation refers to the parametrization of the
2 → 2 amplitudes in terms of a dressed s-channel prop-
agator with dissociation vertices attached to both ends.
As further discussed in Ref. [48], the isobar can be asso-
ciated with bound states, one or more resonances, or a
non-resonant two-particle amplitude. The isobar formu-
lation is not an approximation but a re-parametrization
of the full two-body amplitude as shown in Ref. [81] and
also discussed in Ref. [51]. In the following we collect only
the main results of the derivation, relevant for this work
3and refer the reader for details to the original work [48].
The interaction of three spin-less particles of mass
M and out- and in-going four-momenta q1, q2, q3
and p1, p2, p3, respectively, is fully described by
the S-matrix (S) related to the T-matrix (T ) via
S =: 1 + i(2pi)4δ4
(∑3
i=1(qi − pi)
)
T . In the case of 3→
3 scattering the latter consists of a fully connected (Tc)
and a once disconnected piece (Td), related to the isobar-
spectator scattering amplitude T and isobar-propagator
τ as
〈q1, q2, q3|T |p1, p2, p3〉 = 〈q1, q2, q3|Tc|p1, p2, p3〉+ 〈q1, q2, q3|Td|p1, p2, p3〉 (1)
= 13!
3∑
n=1
3∑
m=1
v(qn¯, qn¯)
(
τ(σ(qn))T (qn, pm; s) τ(σ(pm)) − 2E(qn)τ(σ(qn))(2pi)3δ3(qn − pm)
)
︸ ︷︷ ︸
=:Tˆ (qn,pm;s)
v(pm¯, pm¯) ,
where P is the total four-momentum of the system,
s = W 2 = P 2 and E(p) =
√
p2 +M2. All four-
momenta p1, q1, ... are on-mass-shell, and the square of
the invariant mass of the isobar reads σ(q) := (P − q)2 =
s + M2 − 2WE(q) for the spectator momentum q. We
work in the total center-of-mass frame where P = 0.
The dissociation vertex v(p, q) of the isobar decaying in
asymptotically stable particles, e.g., ρ (p+q)→ pi(p)pi(q),
is chosen to be cut-free in the relevant energy region,
which is always possible. The notation is such that, e.g.,
for a spectator momentum qn the isobar decays into two
particles with momenta qn¯ and qn¯.
For the present study we choose the dissociation vertex
to be of a particularly simple form, v(p, q) := λf((p−q)2)
with f such that it is 1 for (p − q)2 = 0 and decreas-
ing sufficiently fast for large momentum difference, e.g.,
f(Q2) = β2/(β2 +Q2) to regularize integrals of the scat-
tering equation. Note that one is by no means obliged
to use form factors but can instead formulate the disper-
sive amplitude through multiple subtractions rendering
it automatically convergent, see Eq. (14) in Ref. [48].
Imposing three-body unitarity and a general ansatz for
the isobar-spectator scattering amplitude T in Eq. (1)
one obtains
T (q, p; s) = B(q, p; s)−
∫ d3l
(2pi)3B(q, l; s)
τ(σ(l))
2E(l) T (l, p; s)
(2)
with
B(q, p; s) = −λ
2f((P − q − 2p)2)f((P − 2q − p)2)
2E(q + p) (W − E(q)− E(p)− E(q + p) + i)
+ C(q, p; s) , (3)
where p and q denote the on-shell four-momenta of the in-
and outgoing spectator, respectively. Additional terms
C that are real functions of energy W and momenta in
the physical region as demanded by three-body unitarity
(three-body forces) can be added to B, see discussion in
Ref. [48]. We postpone the introduction of multiple iso-
bars and of spin and isospin for the isobars and the stable
particles to future work. As demonstrated in Ref. [48]
the algebraic form of the isobar propagator is fixed up to
regular terms and can be written as
1
τ(σ(l)) =σ(l)−M
2
0 (4)
−
∫
d3k
(2pi)3
λ2(f(4k2))2
2E(k)(σ(l)− 4E(k)2 + i) ,
where M0 is a free parameter that can be used to fit
(together with λ and β) the two-body amplitude corre-
sponding to the considered isobar, which can be defined
symbolically via T22 := vτv. We will refer to the integral
term in Eq. (4) as self-energy in the following.
One possible strategy to solve the above system of
equations in the infinite volume is to reduce the three-
dimensional integral equation to one-dimensional ones
via partial-wave projection. To demonstrate this, we sim-
plify henceforth the notation as Tˆ (q,p; s) etc., since all
particles in the above equations are on their mass shell,
and write the decomposition as
Tˆ (q,p; s) = 4pi
∑
l,m
∑
l′,m′
Ylm(qˆ) Tˆlm,l′m′(q, p; s)Y ∗l′m′(pˆ) ,
(5)
Tˆlm,l′m′(q, p; s) =
1
4pi
∫
dΩq
∫
dΩp Y ∗lm(qˆ)Tˆ (q,p; s)Yl′m′(pˆ) .
Here, q := |q| and p := |p| (not to be confused with the
four-vector notation used before), and Ylm are the usual
spherical harmonics. The kernel B(q,p; s) is partial-wave
projected analogously to Eq. (5) as
B(q,p; s) = 4pi
∑
l,m
∑
l′m′
Ylm(qˆ)Bl(q, p; s) δll′δmm′ Y ∗l′m′(pˆ) ,
(6)
Bl(q, p; s) =
1
4pi
∫
dΩq
∫
dΩpY ∗lm(qˆ)B(q,p; s)Ylm(pˆ) .
After partial-wave projection the integral equation (2)
decouples into a set of one-dimensional equations that
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FIG. 1. Red dashed line (green dotted line): Real (imaginary)
part of the infinite-volume S-wave projection of the potential
B0 from Eq. (6) with M = 138 MeV, λ = 3476 and β =
5000 MeV. In comparison, the finite-volume projection BA
+
1
11
from Eq. (10) for the transition from shell 1 to shell 1 at
L = 6 fm (blue dots).
can be solved at a given value of s by rotating the inte-
gration contour into the complex plane to avoid the cut
due to the partial-wave projection of the kernel Bl. See,
e.g., Ref. [82] for this standard procedure.
III. FINITE-VOLUME AMPLITUDE
The formalism presented in the last section has to be
modified when scattering in the finite volume is consid-
ered. In the following, we discuss such modifications and
possible caveats. In the finite cubic volume with periodic
boundary conditions the momenta are discretized. In
particular, in a cube of side length L only the following
three-momenta are allowed (organized by “shells”)
qni =
2pi
L
ri for {ri ∈ Z3|r2i = n, i = 1, . . . , ϑ(n)} . (7)
Here, ϑ(n) = 1, 6, 12, . . . indicates the multiplicity (num-
ber of points in shell n = 0, 1, 2, . . . ) that can be calcu-
lated as described, e.g., in Ref. [39]. Note that for each
shell n there is only a finite number of points, leading to
the fact that the complete set of basis functions in a given
shell is also finite. The partial-wave projection in finite
volume can be understood in terms of the irreducible
representations of cubic symmetry, see, e.g., Ref. [83].
For regular potentials, the regular summation theorem
guarantees that one can proceed with the infinite-volume
partial-wave projection, see, e.g., Ref. [36]. However,
three-body unitarity necessarily induces a potential that
is singular at energies above the three-body threshold,
i.e. when W > 3m (see Eq. (3)). While the general tech-
niques for an expansion of a function on a shell will be
discussed elsewhere [84], we restrict ourselves here to the
A+1 representation that in the infinite volume corresponds
to S-wave, G-wave, . . . scattering. The integration over
the solid angle breaks down to a summation over the
points in a shell as
∫
dΩpn →
4pi
ϑ(n)
ϑ(n)∑
i=1
. (8)
Using the same normalization as introduced in
Eqs. (5, 6), this replacement leads to a projection of
F (qni,pmj ; s) ∈ {Tˆ (qni,pmj ; s), B(qni,pmj ; s)} to A+1
of in- and outgoing discretized momenta on the fixed
shells m and n, respectively,
F
A+1
nm (s) = (9)
4pi
ϑ(n)ϑ(m)
ϑ(n)∑
i=1
ϑ(m)∑
j=1
χA
+
1 (qˆni)F (qni,pmj ; s)χA
+
1 (pˆmj) ,
where χA+1 denotes the real-valued, normalized
( 4piϑ(n)
∑ϑ(n)
i=1 χ
A+1 (qˆni)χA
+
1 (qˆni) = 1) basis vector as-
sociated with A+1 . Since χA
+
1 is orthogonal to the
basis-vectors associated with other irreducible repre-
sentations, the projection BA
+
1
mn(s) decouples and the
finite-volume scattering problem can be solved individ-
ually in each representation. The basis vectors can be
defined as linear combinations of cubic harmonics and
their form and degeneracy change from shell to shell [84].
For n ≤ 8 the shell index can be neglected, i.e. for all
shells n ≤ 8 the basis vectors read χA+1 = Y00 = 1/
√
4pi.
For simplicity we restrict ourselves to this case and
define set8 := {0, 1, 2, 3, 4, 5, 6, 8} as the set of indices
of non-empty shells. This effectively introduces a cutoff
for the problem at hand, which for instance lies around
Λ ∼ 1 GeV for a typical volume of L = 3 fm.
According to Eq. (3) and (9) the projection of the driv-
ing term to A+1 reads
B
A+1
nm(s) = − 1
ϑ(n)ϑ(m)
ϑ(m)∑
i=1
ϑ(n)∑
j=1
(
λ2f((W − 2Em − En)2 − |2pmi + qnj |2)f((W − 2En − Em)2 − |2qnj + pmi|2)
2E(qnj + pmi)(
√
s− Em − En − E(qnj + pmi))
+ C(qnj ,pmi; s)
)
. (10)
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FIG. 2. Isobar propagator τ in the finite volume (blue dots)
and the real part of the infinite volume one (red dashed line)
for a given boost l = (0, 0, 2pi/L) and L = 3.5 fm, λ = 3476,
β = 5000 MeV, M0 = 847 MeV. The gray dashed line denotes
the onshell-condition of two particles (σ(l) = (2M)2), whereas
the gray area represents the energy range for which σ(l) ≤ 0.
Note that the partial-wave projected singular potential
BA
+
1 has an entirely different structure than its infinite-
volume counterpart B0. As Eq. (6) shows, for W > 3m
the simple pole in B induces logarithmic branch points
and imaginary parts inB0 while the projection of Eq. (10)
induces a finite number of simple poles depending on the
shell indices m and n. For m = n = 1 the resulting finite-
volume projection to A+1 and the infinite-volume projec-
tion to S-wave using Eq. (9) and (6), respectively, are
shown in Fig. 1. Clearly, the infinite-volume projection
is a good approximation as long as the potential is regu-
lar. Once it becomes singular the infinite-volume partial
wave develops an imaginary part and logarithmic branch
points while the finite-volume counterpart remains real
but develops poles. The first pole occurs at the non-
interacting energy at which the incoming and outgoing
spectator momenta are back-to-back (θ = pi), the second
pole corresponds to a scattering angle of θ = pi/2 and the
third pole to θ = 0. This exhausts the possibilities for
m = n = 1. Higher shells exhibit more poles.
For the isobar propagator in Eq. (4) one has to keep in
mind that the self energy is evaluated in the isobar center-
of-mass frame. In the finite volume, however, the allowed
momenta given by Eq. (7) are defined in the three-body
rest frame at P = 0. For the calculation of the finite-
volume self-energy defined in the following one therefore
has to boost the momenta to the isobar rest frame ac-
cording to
k→ k∗(k, l) := k + l
(
k · l
l2
( √σ(l)
W − E(l) − 1
)
+
√
σ(l)
2(W − E(l))
)
with J(l) =
√
σ(l)
W − E(l) (11)
denoting the corresponding Jacobian. The isobar propagator in the finite volume then takes the form
τ−1m (s) = σ(lmi)−M20 −
1
L3
∑
x∈Z3
J(lmi)
(
λf
(
4k∗( 2piL x, lmi
))2
2E
(
k∗
( 2pi
L x, lmi
)) (
σ(lmi)− 4
(
E(k∗( 2piL x, lmi))
)2) . (12)
Note that for shells m ≤ 8 the isobar propagator τ de-
pends only on the shell index and not the actual point
coordinates lmi within that shell (just like in the in-
finite volume). The reason is that in these (lower)
shells there is only one way to express l2mi as sum of
three squares and the sum in the self-energy part runs
over x ∈ Z3. However, for the ninth shell one has
9 = (±3)2 + 02 + 02 = (±1)2 + (±2)2 + (±2)2. One
could distinguish such degeneracies for n ≥ 9 with an
additional index for τm and proceed as before but here
we restrain from this obvious generalization for simplic-
ity. For a given absolute value of the spectator momen-
tum lmi, the range of validity of the boost formula (11)
and, therefore, for the discretized propagator τ is lim-
ited to σ(lmi) > 0. However, already for the two-particle
threshold σ(lmi) < (2M)2 the regular summation theo-
rem applies and the sum can be replaced by the integral,
see Eq. (2), up to exponentially suppressed terms. Note
that the momentum cutoff Λ = 2pi
√
8/L implies an up-
per bound on the total energy W . For W > Wmax, where
Wmax is given by Λ = λ1/2(W 2max,M2, 4M2)/(2Wmax),
not all finite-volume poles of τm(W 2) are taken into ac-
count. This would violate the three-body quantization
condition. The corresponding form of the considered iso-
bar propagator on the shell n = 1 is depicted in Fig. 2.
Finally, we replace three-dimensional integrations in
Eqs. (2) and (4) by the summations over the discretized
lattice momenta via
∫
d3q
(2pi)3 →
1
L3
∑
n∈set8
ϑ(n)∑
i=1
. (13)
6Thus, the system of equations to solve reads
Tˆ
A+1
nm (s) = τn(s)T
A+1
nm (s)τm(s)− 2Enτn(s) L
3
ϑ(n)δnm ,
(14)
T
A+1
nm (s) = BA
+
1
nm(s)− 1
L3
∑
x∈set8
ϑ(x)BA
+
1
nx (s)
τx(s)
2Ex
T
A+1
xm (s) ,
(15)
where En =
√
M2 + (2pi/L)2n. Finally, re-ordering
Eqs. (14, 15) we obtain
TˆA
+
1 (s) =
[
X(s)BA
+
1 (s)X(s) +X(s)τ(s)−1
]−1
(16)
for X(s) := Diagn∈set8
( ϑ(n)
2En(s)L3
)
,
and all other elements being (in case of τ(s), diagonal)
matrices in the 8 × 8 space w.r.t the first eight shells.
Obviously, TˆA+1 (s) is singular, iff
Det[BA
+
1 (s)X(s) + τ(s)−1] = 0 . (17)
This quantization condition represents the final and cen-
tral result of the present work. It determines the po-
sitions of the energy eigenvalues for a given set of free
parameters λ, β,M0 in the finite volume. In the next
section we will use this result to study several technical
issues and solution strategies.
IV. DETERMINATION OF FINITE VOLUME
ENERGY EIGENVALUES
A. General strategy
The set of equations (10) through (12) defines the
finite-volume Tˆ matrix with the isobar-spectator interac-
tion projected to the A+1 irreducible representation. The
real pole positions of Tˆ (s) correspond to the energy eigen-
values as determined on the lattice. In an actual analysis
of such eigenvalues one would tune the free parameters of
the amplitude until the pole positions fit them. A strat-
egy would take the following workflow that is related to
the proposal of Ref. [51]:
1. If possible, determine first the two-body finite-
volume amplitude T22. As we choose the partic-
ularly convenient isobar notation T22 = vτv, this
would amount to fitting λ, β, M0. However, any
other parametrization of 2 → 2 scattering would
be equally valid as long as two-body unitarity in
the infinite volume is respected. It is plausible
that eigenvalues corresponding to the 2 → 2 prob-
lem, potentially in moving frames, are available
from the same lattice configuration on which the
3-body eigenvalues are determined. For example,
the eigenvalues corresponding to piρ scattering in S-
wave of Ref. [79] have been determined on the same
lattice configuration as for the pipi P -wave scatter-
ing of Ref. [85].
2. For a finite number of 3-body eigenvalues available
from a given lattice QCD simulation, determine the
three-body force C (cf. Eq. (10)) by fitting. As dis-
cussed before and in Ref. [48], C is a real, energy
and momentum-dependent function with exponen-
tially suppressed finite-volume effects that can be
added to the interaction B. Depending on the qual-
ity and number of data C may be parametrized by
more or less parameters [86].
With all parameters fixed, the infinite-volume ampli-
tude can be evaluated. Through standard techniques like
contour deformation in the momentum integration [82]
one can evaluate T at complex energies W to determine
the pole position of resonances and their complex cou-
pling constant, which in general is still a function of the
incoming and outgoing isobar invariant masses.
It is also worth mentioning that most three-body sys-
tems require a coupled-channel treatment. The number
of possible combinations of quantum numbers is in gen-
eral large and the isobar-spectator formalism is designed
to systematically enlarge the possible set of isobars de-
pending on the abundance and accuracy of available lat-
tice data. Step 1 should then be repeated according to
the chosen isobar quantum numbers. That choice can be
guided by model selection techniques to determine the
minimally necessary set of partial waves [86].
B. Cancellation of finite-volume divergences
On one side, singularities in the finite-volume ampli-
tude Tˆ of Eq. (14) arise from the projected driving term
B in Eq. (10) and from the three-body propagator τ of
Eq. (12). These singularities are manifestly present in
the respective expressions. For τ the situation is par-
ticularly complicated because it appears already in the
re-scattering series for T defined in Eq. (15) but also in
the incoming/outgoing isobars of the connected ampli-
tude (first term in Eq. (14)) and even in the disconnected
topology (second term in Eq. (14)). On the other side,
there are poles from genuine three-body dynamics origi-
nating from the infinite resummation implied in Eq. (15).
We call them “genuine singularities” in the following.
In principle, all singularities of the 3 → 3 amplitude
Tˆ of Eq. (14) correspond to measurable energy eigen-
values. In particular, measurements on the lattice can-
not distinguish between the connected and disconnected
topologies (on the hadronic level), and cannot isolate the
isobar-spectator amplitude T . This could be particularly
problematic because, e.g., τ contains the full tower of 2-
body energy eigenvalues which, depending at which ex-
ternal momenta Tˆ is evaluated, could be even boosted
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FIG. 3. The blue lines show all finite-volume matrix elements
Tˆ
A+1
mn (m,n ∈ set8) for L = 3.0 fm and M = 138 MeV. The
red dots show the left hand side of Eq. (17) (multiplied by
a regular, non-vanishing function of energy for convenience).
The dashed vertical lines show the positions of singularities
of τ , the solid green vertical lines those of BA
+
1 . Note that
all TˆA
+
1
mn are regular at these singularities showing that the
cancellation of spurious singularities is complete.
depending on the incoming/outgoing spectator momen-
tum. These “external” singularities would severely ob-
scure the signal from the genuine three-body dynamics.
It is therefore necessary to trace potential cancellations
of singularities. Note, that some of the cancellations of
divergences have already been mentioned in Refs. [66, 70].
In the present formulation, we can pinpoint three
different cancellation mechanisms very clearly. First,
we observe a multiplicative cancellation of singularities
of BA+1 by the zeros of τ(s) in the second term of
Eq. (15). Specifically, on any shells n and m the kernel
B
A+1
nm(s) is singular at W+ = Em + En + E(qnj + pmi)
for qnj (j = 1, .., ϑ(n)) and pmi (i = 1, .., ϑ(m)). At
the same time, the self-energy part of τ−1m has singular-
ities at W±± = Em ± E((2pi/L)x)± E((2pi/L)x+ pmi)
summing over all possible x ∈ Z3. Therefore, τ−1m has
singularities at the same and more energies as the pro-
jected kernel BA+1 so that all singularities of BA+1 cancel.
Second, the singularities of the first term of Eq. (15) are
still present in the solution of TA
+
1
mn (s) for all m and n.
However, they are exactly canceled as described before,
considering the full matrix element τn(s)T
A+1
nm (s)τm(s) in
the first term of Eq. (14). Third, the same term has
singularities stemming from the isobar propagator τn(s).
These are exactly canceled by the contribution stemming
from the disconnected diagram, i.e. the second term of
Eq. (14).
C. Quantitative example
To demonstrate the quantitative implications of the
quantization condition (17) we fix the free parameters to
λ = 3476, β = 5000 MeV, M0 = 847 MeV, such that
the phase shift of the corresponding 2 → 2 amplitude
is of natural size. Furthermore, the size of the lattice
is chosen to be L = 3.0 fm and the particle mass M =
138 MeV. A more realistic case corresponding to some
actual physical system will be discussed in future work.
Here we are concerned with more generic features of the
3→ 3 amplitude in finite volume.
The result is presented in Fig. 3. We observe clear
cancellations of poles arising solely from the driving term
BA
+
1 (green vertical lines) in the isobar-spectator ampli-
tude as well as those of the isobar-propagator τ (gray
dashed vertical lines). All finite-volume energy eigenval-
ues appears to be well separated from the singularities of
BA
+
1 and τ , which demonstrates the numerical efficiency
and applicability of the proposed framework.
V. CONCLUSIONS
A relativistic method for the infinite-volume extrapola-
tion of on-shell three-body systems is proposed, based on
a recently derived manifestly two and three-body unitary
infinite-volume amplitude. This amplitude depends only
on on-shell two-body unitary sub-amplitudes and real-
valued three-body forces. Without loss of generality, we
choose here an isobar parametrization for the two-body
amplitude. Three- and two-body unitarity dictate the
imaginary parts of the amplitude in the infinite volume
and the leading power-law effects of the finite volume
when all three particles are on-shell, implying the correct
three-body quantization condition. All spurious finite-
volume singularities tied to the necessarily singular in-
teraction, the two-body spectrum, and the disconnected
topology cancel, leaving only singularities from genuine
three-body dynamics.
The organization of lattice points in shells allows for a
particularly simple parametrization of the finite-volume
amplitude even after projection to the irreducible repre-
sentations. A two-step workflow of first fitting internal
amplitude parameters to eigenvalues from lattice QCD
simulations and then evaluating the infinite-volume coun-
terpart is proposed. A first numerical implementation for
scalar-isoscalar particles is performed.
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